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ABSTRACT

Numerical and Experimental Study of Anisotropic Effective Thermal Conductivity of Particle
Beds under Uniaxial Compression

By

Jingwen Mo, Master of Science
Utah State University, 2012

Major Professor: Dr. Heng Ban
Department: Mechanical and Aerospace Engineering

Measurements of in situ planetary thermal conductivity are typically made using long needlelike probes inserted in a planet' s surface, which measure effective thermal conductivity (ETC) in
radial direction (parallel to surface) . The desired vertical (perpendicular to surface) ETC is
assumed to be the same as the horizontal. However, ETC of particle beds in vertical and
horizontal directions is known to be an anisotropic property under low compressive pressures.
This study further examines the anisotropy of bed ETC under low and high compressive pressures
in both vacuum and air environments. The ratio of vertical to horizontal stress, K 0 , is measured
for the particles used in these experiments. A resistance network heat transfer model has been
developed in predicting the vertical and the horizontal ETC as a function of applied compressive
pressure. The model predicts vertical ETC by using only macro-contact thermal resistances for
both high and low applied compressive pressure regimes. It is proposed that the vertical and
horizontal ETC of particle beds under uniaxial compression is related by compressive pressures
in each direction. The horizontal compressive pressure, which is perpendicular to the applied
compressive pressure, can be calculated with the use of at-rest pressure coefficient and
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subsequently used in macro-contact thermal resistance to predict the horizontal ETC.

The

vertical ETC is obtained using the same model by substituting vertical compressive pressure into
macro-contact thermal resistance. A two-dimensional axisymmetric finite element model in the
COMSOL Multiphysics software package has been developed to simulate heat transfer coupled
with structural deformation of spheres under compressive pressures in a simple cubic (SC)
packing arrangement. The numerical model is used as a tool to predict the lower limit of bed ETC
as well as validating thermal contact resistance used in the theoretical model. The predictions
from the numerical model can be extended to particle beds with different packing arrangements.
(81 pages)
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PUBLIC ABSTRACT

Numerical and Experimental Study of Anisotropic Effective Thermal Conductivity of Particle
Beds under Uniaxial Compression

Jingwen Mo

Planetary heat flow is of great interests to planetary scientists, which can be used to
determine the history and curreni status of pianetary bodies. Thermal conductivities of planetary
bodies are generally measured using long needle-like probes inserted into planet' s surface , which
measure the horizontal effective thermal conductivity (parallel to the planetary surface). The
vertical effective thermal conductivity (perpendicular to the planetary surface), used for heat flow
calculation, is assumed to be the same as the horizontal effective thermal conductivity. However,
ETC of particle beds is known to be an anisotropic property under low compressive pressures .
The objective of this study was to first determine the effect of compressive loads, gas
pressures, and particle Young' s modulus on the ETC of particle beds with mono-dispersed,
smooth particles. Secondly, we developed a resistance network heat transfer model to predict
ETC of particle beds under low and high compressive pressures with variations in particle sizes,
species, and gas pressures. A finite element model was developed in COMSOL Multiphysics to
understand the heat transfer mechanism coupled with mechanical deformation of two half
contacting particles and to predict the lower limit of ETC of particle beds under compressive
pressures. Thirdly, we modified the developed theoretical model to predict both vertical and
horizontal ETCs of particle beds under a wide range of compressive pressures with varying gas
pressures.
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The results of this study provide a methodology to assess the ETC anisotropy of particle beds
under uniaxial compression, whether by their weight under gravity or by externally applied loads.
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CHAPTER 1
INTRODUCTION

1.1. Background and significance

Planetary heat flow values are of particular interest to planetary scientists. These values can
be used to understand a planetary body' s current state and history. The vertical effective thermal
conductivity (ETC) of a planet's surface must be known for heat flow calculations [1]. In situ
measurements of effective thermal conductivity of planetary bodies generally use a long needlelike probe or cable inserted into the planetary surface such as those used for Apollo 15 and 17 [2,
3], the MUPUS probe for the Rosetta' s PHILAE lander [4] and other proposed probes [5]. These
needle probes utilize the transient hot wire method [6] and measure the horizontal ETC of a
planet' s surface. The desired vertical ETC is assumed to be the same as the horizontal ETC at the
measurement location. Such an assumption is not always justified due to the anisotropic nature of
the compressive stress within the regolith bed. A predictive tool is needed to assess the ETC
anisotropy for more accurate heat transfer calculations.
Effective thermal conductivity of particle beds has practical importance in many science and
engineering applications, for instance, determining the temperature field in packed bed reactors
[7,8], drying processes [9], and heat regenerators [10]. Effective bed conductivity in the presence
of a static gas depends generally on the following factors [ 11]: particle thermal conductivity, gas
thermal conductivity, gas pressure, packing fraction, particle size, surface roughness, contact
force and area between particles, and bed deformation.

Some analytical models have been

developed specifically for calculating effective thermal conductivity of particle beds as a function
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of compressive pressures, but all require complex fitting parameters [1,12,13] . Moreover, at
lower applied compressive loads, they tend to overestimate effective thermal conductivity.
Therefore, there is considerable motivation to refine the current theories and test them with
experiments to improve the understanding of heat transfer in packed beds.
The theoretical and numerical model developed in this study can predict anisotropic effective
thermal conductivity of particle beds under uniaxial compression with variations in particle sizes,
species, and gas pressures. The results of this study provide a methodology to assess the ETC
anisotropy of particle beds under uniaxial compression, whether by their weight under gravity or
by externally applied loads.

1.2. Literature review

Volume fraction models are potentially applicable for predicting bed effective thennal
conductivity in terms of compressive pressures. Theoretical models for different levels of solid
volume fractions are available including low volume fraction materials (volume fraction of
spheres up to 10%) [14], medium volume fraction materials (volume fraction of spheres from 1585%) [15], and high volume fraction materials (volume fraction of spheres larger than 90%) [16].
Due to complicated geometry structure of particle beds, efforts on refining mathematical models
of heat transfer in particle beds were made by many scholars. Deissler and Boegli [ 17] proposed
that the maximum ETC for a two-phase system is obtained by considering heat flow in parallel
through the solid and fluid phases and the minimum is by a series arrangement. The model is
capable of roughly estimating the upper and lower limits of bed ETC. The Schlunder, Zehner, and
Bauer model [ 18-20] simulated heat transfer in particle beds using a representative cylindrical
unit cell containing two touching spheres. Heat flow in the unit cell is divided into three parallel
paths. The first path consists of conduction and radiation through the gas filled voids. The second
path consists of conduction through solid and gas phases with radiation between solid surfaces.
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The third path consists of the solid-solid conduction path. The model produced accurate results
for thermal conductivity ratio of solid to fluid less than 10 3 and decreased in accuracy for ratio
larger than 103 [21]. Batchelor and O'Brien [22] modeled particles in or nearly in contact and
proposed an empirically derived correlation in determining ETC of randomly packed beds. Cheng
et al. [21] presented an alternative method to evaluate bed ETC using Voronoi polyhedrato
incorporate the packing structure of particle beds. To counter the problem that parallel heat flow
assumption would break as thermal conductivity of solid greatly exceeds that of fluid, Siu and
Lee [23]obtained effective thermal conductivity of particle beds based on constriction resistance
between particles accounting for different contact angles formed for SC, body center cubic (BCC),
and face center cubic (FCC) packing. It was shown that the relationship between particle thermal
conductivity and ETC of SC, BCC, and FCC particle is a linear function of the ratio of contact
radius to particle radius. The results demonstrated that ETC of particle beds with random packing
fractions can be modeled using the SC packing arrangement when multiplied by a constant.
However, the method is only valid for packing fraction lower than 0.5 and when the thermal
conductivity of the solid is much larger than that of the fluid.

Argento and Bouvard [24]

proposed a continuous relation for bed ETC with a densifying packing fraction when the ratio of
solid to fluid thermal conductivity is high. Indeed, volume fraction models have potential to
predict accurate ETC. However, determining the volume fraction of particle beds under different
compressive pressures would be a challenging task.
ETC of particle beds in static fluids is highly dependent on the contact area between particles,
which increases with increasing applied compressive loads due to the elasticity of the particles.
Contact-area dependent models generally account for the finite contact area between particles and
are capable of predicting bed ETC as a function of gas pressure, applied compressive loads, and
packing arrangements. Introduced by Kunni and Smith [25], the concept of a cell model, in which
a single unit cell of a particle bed is analyzed, and taken as representing the whole bed, is widely
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applied in studying heat transfer in particle beds . Their method also included assuming onedimensional conduction in the unit cell and dividing the geometry into solid, fluid, or combined
solid-fluid layers. The equivalent thennal resistance of the unit cell is obtained by summing
thermal resistance of these layers assuming they are in parallel with each other. Inspired by their
methods, Hsu et al. [26] developed three analytical models to calculate ETC of particle beds
based on three different configurations of unit cells comprised of contacting square cylinders,
circular cylinders and in-line cubes respectively. It was found that the stagnant thermal
conductivity based on the in-line touching cubes model agrees best with experimental data. Xu et
al. [7] modified the Hall and Martin model [27] by using finite contact areas instead of point
contact area and found that the model can produce better predictions of bed ETC especially for
cases with high ratios of solid to gas thermal conductivity. These models are mainly applicable
for predicting bed ETC with changing static gas pressures and do not account for the effects of
applied compressive loads. Yovanovich and Ogniewicz [28] proposed a theoretical model
calculating bed ETC accounting for the effects of mechanical loads, gas pressure, and packing
arrangements. The particle contact area under different applied compressive loads was
determined using the Hertz contact equation and the thermal contact resistance of the contact area
was approximated as an isothermal circular contact on a half space [29]. Variation of gas thermal
conductivity due to different gas pressures and layer thicknesses was also included in the
analytical model. Their model was improved in [30] which the thermal contact resistance between
neighboring particles was modified by including the effects of surface roughness of particles. The
modified model improved the accuracy of predictions in high gas pressure regime without
undermining prediction accuracy in low gas pressure regime. Bahrami et al. [31,32] modeled SC
and FCC packings of rough, mono-sized spheres to yield upper and lower bounds for the ETC in
a static gas. The model accounts for thermophysical properties of the spheres and gas, contact
load, sphere size, and sphere roughness. The model is in good agreement with experimental data.
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Bahrami [33-37] also did much work in modeling the total thermal contact resistance as a
function of micro- and macro-contact thermal resistances. A comprehensive review of study on
thermal contact resistance was given in [37], which explain that heat conducted through contact
area is restricted by micro-contact thermal resistance due to surface roughness of particles as well
as macro-contact thermal resistance due to the macro-contact area between particles. Slavin's
model [12,38] assumed a primitive tetragonal packing of spheroids with a gap near the points of
contact between the spheres due to long-range surface undulations. The individual spheres were
considered isothermal in the horizontal direction with heat conducted vertically through the points
in direct contact, gap inside the contact points, fluid between particles and radiation between the
particles. Effective thermal conductivity is calculated from the conductance of spheres, contact
area, radiation, and gas in series and parallel combinations. Effects of surface roughness were
considered in accounting for gaps between particles comparable in width to the mean free path of
the gas. Weidenfeld's model [13] used a cylindrical control volume containing two half-spheres.
Heat transfer is modeled as conduction through the solid contact area and gas-filled voids and
radiation. The model assumes that the thermal conductance of solid to fluid phase equals that of
solid to solid and accounts for surface roughness in extending Slavin's model. The model shows
good agreement with empirical data obtained from their own experiment [ 13] and Tehranian and
Abdou [39]. However, the theoretical model underestimates heat flow through air which is likely
caused by assuming the thermal conductance of solid to fluid equals that of solid to solid.

1.3. Objective

The principle objective of this study is to develop a resistance heat transfer model in
predicting the vertical and horizontal ETC of particle beds under uniaxial compression with
variations in particle size, species, and gas pressures. The principle objective may be broken
down into following specific objectives:
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•

Determine the effect of compressive loads, gas pressures, and particle Young' s modulus
on the ETC of particle beds with mono-dispersed, smooth particles

•

Develop a resistance network heat transfer model to predict effective thermal
conductivity of particle beds under low and high compressive pressures with variations in
particle size, species, and gas pressures

•

Use the developed theoretical model to predict the vertical ETC with respect to measured
at rest pressure coefficients given the horizontal ETC of particle beds

•

Build a two-dimensional axisymmetric finite element model in COMSOL Multiphysics
software package to simulate heat transfer coupled with structural deformation of spheres
under compressive pressures in a SC packing arrangement and use the numerical model
to predict the lower limit of ETC of particle beds in air and vacuum

The thesis is organized as follows . Chapter 2 provides details of developed theoretical and
numerical models in predicting effective thermal conductivity of particle beds under uniaxial
loads with varying gas pressures. Chapter 3 discusses the application of the developed theoretical
model in predicting horizontal and vertical effective thermal conductivity of particle beds under
uniaxial compression with measured at rest pressure coefficient. Chapter 4 is the summary of
conclusions draw from this study.
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CHAPTER2
EXPERIMENT AL AND NUMERICAL STUDY OF EFFECTIVE THERMAL
CONDUCTIVITY OF PARTICLE BEDS UNDER COMPRESSIVE
PRESSURES IN AIR AND VACUUM
This chapter is a paper submitted as a journal article in the International Journal of Heat and
Mass Transfer (IJHMT), which is sent back for revision and would be accepted by IJHMT. All
permissions for using this paper as a part of this thesis are contained in the Appendix.

2.1. Abstract

Effective thermal conductivity experiments were carried out with spherical particle beds
under low compressive pressures in vacuum and air. A theoretical model is proposed for the
effective thennal conductivity of particle beds. The model incorporates two adjustable parameters,
namely the coefficient of heat conducted through the fluid, and the macro-contact thermal
resistance. The predictions from the theoretical model satisfactorily match the experimental data
for the bed effective thermal conductivity over the range of applied pressures considered.

2.2. Introduction

Effective thermal conductivity of particle beds has practical importance in many science and
engineering applications, for instance, determining the temperature field in packed bed reactors
[1,2], drying processes [3], and heat regenerators [4]. Effective bed conductivity in the presence
of a static gas depends generally on the following factors [5]: particle thermal conductivity, gas
thermal conductivity, gas pressure, packing fraction, particle size, surface roughness, contact
force and area between particles, and bed deformation.

Some analytical models have been
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developed specifically for calculating effective thennal conductivity of particle beds as a function
of compressive pressures, but all require complex fitting parameters [6-8]. Moreover, at lower
applied compressive loads, they tend to overestimate effective thermal conductivity. Therefore,
there is considerable motivation to refine the current theories and test them with experiments to
improve the understanding of heat transfer in packed beds.
Available bed effective thermal conductivity models can generally be divided into the four
categories: mixing law models, volume fraction models, packing structure models, and pressuredependent or contact area-dependent models. An extensive literature review was done by
Abdulagatova et al. [9] on mixing law models and the dependence of effective thermal
conductivity on temperature, porosity, and gas pressure. Mixing law models combine values of
the solid and fluid thermal conductivity, typically as a function of volume fraction, to determine
effective thermal conductivity. Mixing law models tend to be general in nature and have limited
applicability.

These models can, however, provide convenient, simple estimations for the

physical bounds of effective thermal conductivity values.
Volume fraction models are available for different levels of solid volume fraction: low
volume fraction materials (volume fraction of spheres up to 10%), medium volume fraction
materials (volume fraction of spheres from 15-85%), and high volume fraction materials (volume
fraction of spheres larger than 90%). Maxwell ' s solution [10] for effective thermal conductivity
of randomly distributed and non-interacting spherical particles in a homogeneous continuous
medium has been shown to predict effective thermal conductivity of low volume fraction
materials very well. Chiew and Glandt [11] proposed an improved form of Maxwell ' s equation
for medium volume fraction materials. Gonzo [12] presented an equation for high volume
fraction materials. Tavrnan [13] reviewed models predicting effective thermal conductivity based
on porosity, particle thermal conductivity, and gas thermal conductivity. Argento and Bouvard
[14] studied effective thermal conductivity of particle beds through densification and proposed a
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continuous model calculating bed effective thermal conductivity from low to high relative density
regimes. Models for effective thermal conductivity based on high volume fraction or porosity
could be used for particle beds under applied compressive pressure, however determining the
volume fraction or porosity of the bed from the applied pressure distribution could be a
challenging task.
Packing structure models are based on the different packing structures of spheres. Batchelor
and O'Brien [ 15] proposed a general formula to determine effective thermal conductivity of a
random packing of particles because particles in random packing arrangements are more likely to
be statistically isotropic in thermal conductivity. Cheng et al. [16] presented a method to evaluate
effective thermal conductivity of particle beds of mono-sized spheres by using Voronoi polyhedra
to include the packing structure of spherical particle beds. The structure of the packed bed was
determined from measurements by Finney [17] . They showed that when the solid to fluid
conductivity ratio is low, the dominant heat transfer mechanism is the solid-fluid-solid
conduction between particles. Dietz [ 18] modeled particle beds as hexagonally packed planes of
spheres. Effective thermal conductivity was calculated as a function of particle and surrounding
medium thermal conductivities. Siu and Lee [ 19] found that the ratio of effective thermal
conductivity to bulk particle bed thermal conductivity for simple cubic (SC), body centered cubic
(BCC), and face centered cubic (FCC) packing arrangements is a linear function of the ratio of
contact radius to particle radius. This result shows that the effective thermal conductivity of
randomly packed beds can be modeled by the SC packing model multiplied by a constant. The
method is valid for particle thermal conductivities much greater than gas thermal conductivities
or m vacuum.
Pressure-dependent or contact area-dependent models take the compressive pressure on
particles into account in the heat transfer process. Heat transfer through particle beds is highly
dependent on the contact area and thermal contact resistance between particles. Effective thermal
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conductivity in a particle bed has been shown [20-22] to increase as the contact area between
granular particles increases with increasing applied compressive pressure. Kunii and Smith [ 1,23]
modeled heat transfer in particle beds as occurring through two mechanisms, ( 1) conduction and
radiation through the fluid in the voids between particles and (2) heat transfer through the solid.
Heat transfer through the solid is divided into four paths: (a) conduction through the contact area,
(6) conduction through the fluid near the contact surface, (c) radiation between solid surfaces, and
(d) conduction through the solid particle. Mechanisms 1 and 2 are considered to be in parallel
with one another. Path (d) is in series with the combined result of parallel paths (a), (6), and (c).
Ogniewicz and Yovanovich [24] gave a detailed analysis of basic cells of regularly packed
spheres. Their approach allowed the analysis of mechanical loads, packing arrangement, gas
pressure, and solid-gas conductivity ratio. Analysis of local variation of gas conductivity due to
variable thickness of the gas region and constriction of heat flow in the region of solid to solid
contacts approximated as an isothermal circular contact on a half space [25] were included.
Accommodations were made for SC, BCC, and FCC packing arrangements. Their model was
improved [26] by including surface roughness in the determination of the thermal contact
resistance. The modified model appears to fit experimental data well. In contrast, Hall and Martin
[ 1,27] made three simplifying assumptions to model effective thermal conductivity of particle
beds: point contact between spheres; one-dimensional heat flow; and cubic and square-packed
cylinder arrangements to represent high and low porosities. The model performs poorly as a
function of applied load because of the point contact (rather than finite contact area) assumption .
Research by other groups focused on various aspects of the heat transfer. The Okazaki model [28,
29] consisted of a unit cell where the heat flux through the particle bed was divided into two
portions: (1) heat flux through the gas and (2) heat flux through the solid particle. The total heat
flux was determined by contributions to heat transfer from the gas near the contact point and heat
transfer through the particle. The Schliinder, Zehner, and Bauer model [ 1,28,30] simulated the
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particle bed with a standard unit cell containing two contacting particles. Heat flow in the unit
cell is divided into three parallel paths. The first path consists of conduction and radiation
through the gas filled voids. The second path consists of conduction through solid and gas phases
with radiation between solid surfaces. The third path consists of the solid-solid conduction path.
The model is suitable for high solid to gas thermal conductivity ratios. Several factors, including
particle size distribution, bed porosity, and wall effect, can be studied with this model. Slavin ' s
model [6,31) assumed a primitive tetragonal packing of spheroids with a gap near the points of
contact between the spheres due to long-range surface undulations. The individual spheres were
considered isothermal in the horizontal direction with heat transfer occurring by conducting
vertically through the points in direct contact, gap inside the contact points, fluid between
particles and radiation between the particles. Effective thermal conductivity is calculated from
the conductance of spheres, contact area, radiation, and gas in series and parallel combinations.
Effects of surface roughness were considered in accounting for gaps between particles
comparable in width to the mean free path of the gas. Weidenfeld' s model [7] used a cylindrical
control volume containing two half-spheres. Heat transfer is modeled as conduction through the
solid contact area and gas-filled voids and radiation. The model assumes that the the1mal
conductivity of the spheres is much greater than that of the fluid between the spheres and
accounts for surface roughness in extending Slavin' s model. The model shows good agreement
with empirical data obtained from their own experiment [7] and Tehranian and Abdou[22].
Garrett and Ban [8] developed a resistance heat transfer model in predicting anisotropic effective
thermal conductivity of particle beds under applied compressive pressures. Bahrami et al. [32,33)
modeled SC and FCC packings of rough, mono-sized spheres to yield upper and lower bounds for
the effective thermal conductivity in a stagnant gas. The model accounts for thermophysical
properties of the spheres and gas, contact load, sphere size, and sphere roughness. The model is in
good agreement with experimental data. Bahrami [34-38) also did much work in modeling the
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total thennal contact resistance as a function of micro- and macro-contact thermal resistances.
They found that overall thermal contact resistance of non-conforming rough contacting surfaces
was the combination of macro-and micro-contact thermal resistances. However, it is difficult to
measure the geometrical and mechanical properties of particles in order to calculate the microcontact thermal resistance.
Extensive studies on the effective thermal conductivity of particle beds under high
compressive pressures have been published, yet no data is available to compare with theoretical
models in the low compressive pressure regime. Because existing models tend to over predict
effective thermal conductivity in the low compressive pressure regime, the objective of this study
was to first obtain experimental data on particle beds in air and vacuum with low uniaxial
compressive loading. Mono-sized particles of similar conductivity but different Young' s modulus
were used in experiments to show the effect of compressive force. Secondly, we developed a
generic resistance network model for predicting effective thermal conductivity of particle beds as
a function of compressive pressure. This modified model accounts for two pressure regimes (high
and low) by including only macro-contact thermal resistance. Thirdly, a computational model was
developed as a more accurate predictive tool. We validated the theoretical model by experiments,
numerical simulation, and comparison to literature data.

2.3. Methodology

2.3.1.

Experimental method

Effective thermal conductivity of particle beds in vacuum and air under compressive
pressures from 0-20 kPa in 2 kPa increments were measured. Ten effective thermal conductivity
measurements were taken at each increment. The measurements in vacuum are intended to
provide a reference for numerical predictions and validation for the thermal resistance used in the
numerical model.
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A schematic of the experimental apparatus is shown in Figure 2-1. The Hot Disk TPS 500
system was used to measure effective thermal conductivity of particle beds. The method applies
plane heating and measures the temperature response to determine the effective thermal
conductivity of the particle bed. The systematic uncertainty (95% confidence) given by the
manufacturer is 5% of the measured thermal conductivity of materials. A Hot Disk sensor is
inserted into the container parallel to the particle bed surface and acts both as the heat source and
temperature measurement. The thermal conductivity is determined from the recorded temperature
increase of the sensors. A mechanical pump is used to maintain a vacuum in the vacuum chamber.
Two types of particles with a diameter of 0.2 mm were used in thermal conductivity
measurements: alumina and stainless steel. The surface roughness characteristics of alumina and
stainless steel spheroids are shown in Figure 2-2. The alumina (99.5%) beads were manufactured
by Union Process Inc. and the stainless steel beads by Next Advance Inc. The measured packing
fractions of these materials were 0.5625-0.6016 for stainless steel and 0.5659-0.5873 for alumina
considering a range of densities for these materials. Although the thermal conductivities of these
two materials are similar, Young' s modulus of stainless steel is much smaller than that of alumina.
The particle selection intended to show the difference in effective thermal conductivity between
stainless steel and alumina under compressive pressures. The thermo-physical and mechanical
properties of these two materials are listed in Table 2-1.

2.3.2.

Theoretical model

The effective thermal conductivity of randomly packed particle beds is confined between two
limits [39) : the upper limit is obtained with FCC packed beds of spheres and the lower limit is
from SC packed beds of the same size spheres. SC packed beds are characterized by a unit cell
containing two touching half spheres. The effective thermal conductivity of the entire particle bed
may be studied using this unit cell. The effective thermal conductivity of FCC and BCC packed
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beds in vacuum can be predicted from the SC values by multiplying by a factor. This factor is
1.853 for BCC and 2.925 for FCC [19].
The theoretical model was developed for a unit cell with a 2R by 2R square cross section area
and H in height, containing two spherical particles compressed by a uniformly distributed force,
as shown in Figure 2-3 . Based on the condition that solid thermal conductivity is much higher
than gas thermal conductivity, the model assumes heat transfer from one sphere to the other can
be simplified into three modes: conduction through the contact area, conduction through the gas,
and heat radiation through the voids [7]. According to Fourier' s law of heat conduction, the
effective thermal conductivity of the unit cell is:

k ejj"

= (q contact +qgas +qrad)·H
b.T · A

1
R

SU /11

H

(1)

A

where the q' s are heat flows through the regions denoted by the subscript, b.T is the temperature
difference between the top and bottom planes, A is the cell area perpendicular to the heat flow,
A=4R 2, H

= 2Rsin00

•

R

5 11111

is the overall thermal resistance, assuming all the thermal

resistances are in parallel,

1
1
1
1
--=--+---+--.
Rsum Rgas Reontact Rrad
2. 3.2. 1. Th ermal resistance ofgas
Heat conducted through the gas is calculated by assuming that heat only conducts vertically.
Based on this assumption, heat flow through voids of a cylindrical cell (Figure 2-3) is obtained
using the inverse of Eq. (8) and through the rest voids of a square unit cell can be calculated
directly using Fourier' law of heat conduction. Assuming one degree temperature difference
between the top and the bottom planes, it is found that heat flow through voids of a cylindrical

(2)
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cell represents 98 percent of total heat flow through that of a square unit cell with air as
surrounding medium. Thus the problem can be simplified to a cylindrical cell while the heat flux
is still based on the square cell area. Taking a differential ring as control volume, the heat
conducted through voids of the cylindrical cell is:

t-iT..

dqgas = -kgas . dA ·--,

(3)

t-iy

where

f.i'Fi

is the temperature difference between the upper and lower curve of the two spheres,

kgas is the gas thermal conductivity.

~y

= 2R · (sin00 -sin0),
a

0o = cos- 1(____f___)
R ,

dA = 21rR 2 • cos0-sin0-d0.

(4)

(5)

(6)

The heat flow through the gas is calculated by inserting Eq. (4-6) into Eq. (3) and integrating
Eq. (3) with 0 from O to 0 1 , where 0 1 is obtained by Eq. (7). The heat flow through the region
where ~y is less than

Abu'Ys is neglected, because the average distance between two touching

spheres is reduced to a size comparable to the mean free path of the gas. As a result, effective
thermal conductivity of gas in this region is significantly smaller than the bulk value.

The

thermal resistance of gas is obtained by Eq. (8).

(7)
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R
gas

=(qgas )-' =(-k · Tr · Ref, sin0-cos0
d0)-'
!:!.I;
gas
2R(sin00 -sin0)
O

(8)

The thermal resistance of radiation through voids of the square unit cell is determined using
the following equation [7] :

Rrad

= {4aT 3(2R) 2}-1 .

(9)

2.3.2.2. Thermal resistance of contact area
Heat transfer through the contact surface of elastically deformed particles is first restricted by
the macro-contact thermal resistance,

Rmacro,

which limits heat conducted through the macro-

contact area. Heat is then passed by parallel paths through micro-contacts within the macrocontact area. The constriction due to micro-contacts is known as micro-contact thermal resistance,
Rmicro .

Overall, thermal contact resistance of non-conforming rough contacting surfaces can be

written as [34] :

RJ =Rmacro +R,mcro ·

(10)

It is shown in Figure 2-2 that surface characteristic of alumina spheres is close to that of stainless
steel and are both treated as smooth spheres by neglecting micro-contact thermal resi stance. The
macro-contact thermal resistance, multiplied by a coefficient, ~, is used for low and high
compressive pressure regimes and is determined [34] using Eq. (I 1).

(l-~)1.s
Rmacro

= ---'R=-=---2 · ks · al

( 11)
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2.3.2.3. Final equation
The generic equation to predict effective thermal conductivity of particle beds is as follows:

1 H
1
1
1 sin0
keff' = - · - = ( a ( - + - ) + f ] - - ) - -0.
Rsum A
Rgas Rrad
Rmacro 2R

(12)

a represents the degree of accuracy of theoretical model in calculating heat conducted through air
and by radiation. The closer a is to one, the better the model captures the physical process of
conduction and radiation through air.

~

is an accommodation factor which is used to make up for

the omitted micro-contact thermal resistance.

2.3 .3.

Numerical model

2.3.3.1. Model setup
A two-dimensional axisymmetric finite element model consisting of two quarter-spheres, one
on top of the other, was created in COMSOL Multiphysics software (Figure 2-4 (a)). The
structural mechanics module in COMSOL was used to calculate structural deformations under a
given compressive pressure load. The top plane boundary condition was set as a pressure load in
the z direction and the bottom plane was fixed . A "mechanical contact pair" was defined at the
contact region to prevent the mesh of the upper domain from penetrating into the mesh of the
lower domain. Figure 2-5 shows the contact radius for 0.2 mm alumina as a function of applied
pressure. The results obtained from COMSOL are the same as the prediction from the Hertz
equation. Therefore, the Hertz equation was used for determining the contact radius in the
theoretical model.
The heat transfer process for the geometry shown in (Figure 2-4 (a)) involves three paths:
conduction through the solid contact area, conduction through gas filling the voids, and radiation
through the voids. High and low temperatures with one degree difference were defined at the
bottom plane (T 2) and top plane (T 1) . The solid line representing the contact area between two
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spheres was defined as a "thermal contact resistance pairs," which was used to add thermal
contact resistance. Curve 1 and 2 of two touching half spheres were defined as temperature and
heat flux continuity boundary conditions and the right vertical line was thermally insulated.
According to Fourier' s law of heat conduction, effective thermal conductivity can be calculated
once the heat flow of the top plane is known.

k eff

Q

=

(13)

To model experiments performed in air, the bulk thermal conductivity of the "Fluid domain"
used the thermal conductivity of air with value of kair

= 0.023W I m· K . Heat conduction at the

nanoscale occurs in the region near the solid contact area (shown in Figure 2-4 (a)), because the
distance between the two touching spheres is reduced to a size comparable to the mean free path
of gas. The thermal conductivity of this region was calculated in the numerical model in the
following manner [40]:

3 · p gas
C =-v

Specific heat

(14)

2-T

(15)

Thermal velocity

0.75 -L

Boundary scattering

Mean free path

Effective mean free path
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An unstructured triangular mesh (Figure 2-4 (b)) was chosen to calculate both the structural
deformation and heat transfer. The mesh around the contact area was highly refined to ensure
accurate heat transfer calculation. Results of the grid independence study are given in the " Model
Validation and Mesh Convergence" section.

2.3.3.2. Th ermal contact resistance in COMSOL

In order to validate the derived theoretical thermal contact resistance , for each applied
compressive pressure, a corresponding geometry model was built with the contact radius
determined by the Hertz equation. The area of physical contact between the two spheres is a
circle of radius

aL

•

The thermal contact resistance is inversely proportional to the contact

pressure. Hence, the thermal contact resistance in the COMSOL model is included as a function
of contact pressure which approximates the theoretical model.
The distribution of contact pressure as a function of distance from the center of the circle
according to the Hertz contact equations is as follows:

(20)

where

(21)

The pressure is at a maximum at the center of the circle and gradually diminishes away from the
center. This Hertzian pressure distribution was directly used in the COMSOL model.

2.3.3.3. Model verification and mesh independence
To verify that the contact pressure calculated from the structural model and the Hertz
equation are the same, maximum contact pressure calculated by the structural model is compared
against the solution obtained from the Hertz contact equation in Figure 2-6. Figure 2-6 also shows
the maximum contact pressure calculated from the structural model and Hertz contact equation
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plotted against the total mesh element number. Figure 2-6 shows that the COMSOL result of the
maximum pressure converges to match the Hertz solution as the total mesh elements approach
30000. The heat flow , integrated over the top plane, is plotted on the secondary vertical axis in
Figure 2-6. Figure 2-6 proves the grid independence of the heat conduction model.

2.4. Results and discussion

The results can be divided into three categories: effective thermal conductivity of particle
beds under compressive pressure ranges of 0-20 kPa, 0-0.5 MPa and 0-1.4 MPa. These pressure
ranges are used to examine the validity of the developed theoretical model in predicting effective
thermal conductivity of particle beds under a wide range of compressive pressures.

2.4.1.

Compressive pressure range 0-20 kPa

The measured effective thermal conductivities of 0.2 mm stainless steel and 0.2 mm alumina
particle beds in vacuum and air under a compressive pressure range of 0-20 kPa are shown in
Figure 2-7 and Figure 2-8.The error bars of each data point represent random uncertainty at 95%
confidence. The air pressure in the vacuum chamber was in the range of 800-900 Pa based on the
performance of the vacuum pump. The corresponding effective thermal conductivity of air was
modified in the "Fluid domain" in the COMSOL model as the mean free path of air increases
substantially in vacuum.
Eq. (12) was used to fit the measured effective thermal conductivity of the stainless steel and
alumina particle beds. The average bed temperature is assumed to be 30 I K. Values of
accommodation factor a and

~

are reported in Table 2-2. Results shown in Figure 2-7 and Figure

2-8 indicate that the theoretical model predicts the compression effect reasonably well. Parameter
a is close to one and consistent for measurements conducted both in vacuum and air. Parameter

~

is less than one which indicates that the theoretical model overestimates heat conducted through
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contact area due to the omission of micro-contact thermal resistance. It is noted that parameter

p

for the same material in both air and vacuum is similar for different materials under the same
compressive pressure regime. To test this argument, fitting parameters of the experimental data of
stainless steel and alumina under 0-0.5 MPa compressive pressures, and published experimental
data by Teheranian and Abdou [22] are compared in following sections.
The packing fractions of SC, BCC, and FCC are 0.520, 0.680, and 0.740. The packing
fractions of the measured materials were 0.5625-0.6016 for stainless steel particles and 0.56590.5873 for alumina particles. Because packing fractions of particle beds in all experiments is
slightly higher than SC, the COMSOL prediction of effective thermal conductivity is expected to
be lower than experimental values. Figure 2-7 and Figure 2-8 demonstrate that the computational
model captures the trend of the experimental data with slopes of results almost identical to the
theoretical results. At very low compressive pressures, however, the computational model
deviates from the experimental data, likely due to the idealized treatment of contact and contact
surfaces vs. real surface contacts.
Figure 2-7 shows that the effective thermal conductivity for both particle beds increases with
increasing load pressure. Because alumina has a slightly lower thermal conductivity, the bed
effective thermal conductivity is also slightly lower than that of stainless steel at the original point.
As the pressure increases, the increase of effective thermal conductivity is higher for the stainless
steel bed, indicating the effect of different mechanical properties of stainless steel and alumina
particles. Young' s modulus of the particles is one of the factors which were expected to
significantly influence bed effective thermal conductivity under compressive pressures. The
contact area for particles with a smaller Young's modulus should be larger than that for particles
with a larger Young's modulus under the same compressive pressure. Because the Young' s
modulus of stainless steel particles is about half of that of alumina, the increase of effective
thermal conductivity of stainless steel is about twice of that of alumina for measurements
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conducted in air. For measurements conducted in vacuum, the amount of increase in effective
thermal conductivity of stainless steel is also close to twice of that of alumina.
Figure 2-8 shows the measured effective thermal conductivities of 0.2 mm stainless steel and
0.2 mm alumina particle beds in atmospheric air (~87000 Pa). The effective thermal conductivity
of the stainless steel particle bed increases faster than that of the alumina under the same range of
compressive pressures. It was found that the effect of air on the effective thermal conductivity of
particle beds is large. For both stainless steel and alumina, changing gas pressure of particle beds
from a vacuum condition to atmospheric air resulted in doubling the values of effective thermal
conductivity at the original point with stainless steel gaining slightly more in its effective thermal
conductivity. The slope of effective thermal conductivity increase, however, is essentially the
same for both cases. Such observation is consistent with the physical process of heat transfer,
where the heat transfer through different pathways should be additive.

2.4.2.

Compressive pressure range 0-0.5 MPa

To examine the validity of the theoretical model in high compressive pressure regimes,
measurements of effective thermal conductivity of particle beds under 0-0.5 MPa compressive
pressures were performed.
Figure 2-9 shows the experimental data of 0.2 mm stainless steel and alumina particle beds in
air under an applied compressive pressure range of 0-0.5 MPa. The experimental data also shows
that effective thermal conductivity of stainless steel particle beds increases faster than that of
alumina particle beds. Eq. (12) was used to fit the experimental data. The fitting parameters are
reported in Table 2-3. Parameter a is close to one. It is worth noticing that parameter~ is also on
the same order of magnitude for stainless steel and alumina for this compressive pressure range.
Figure 2-9 shows that the theoretical model fits the experimental data reasonably well
especially at a higher compressive pressure and tends to overestimate bed effective thermal
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conductivity at lower compressive pressures. This is because the model only accounts for the
macro-contact thermal resistance which may underestimate the total thermal contact resistance in
low compressive pressure regime even though the micro-contact thermal resistance is negligible.
Overall, the theoretical model fits the experimental data better at the compressive pressure range
of 0-0.5 MPa than 0-20 kPa.

2.4.3.

Compressive pressure range 0-1.4 MPa

Experimental data by Teheranian and Abdou [22] was used to examme and extend the
validity of the theoretical and numerical models in predicting effective thermal conductivity of
different sizes and types of materials in different surrounding medium.
Figure 2-10 and Figure 2-11 show the experimental data of 2 mm beryllium and 0.8 mm
aluminum particle beds in helium under an applied compressive pressure range of0-1.4 MPa. Eq.
(12) was used to fit the experimental data. The fitting parameters are reported in Table 2-4. The
value of parameter a is also found to be close to one for both two cases. Parameter ~ is also on the
same order of magnitude for beryllium and aluminum. Therefore, it is concluded that the
developed theoretical model is able to predict effective thermal conductivity of different particle
beds with varying gas pressures and species.
Figure 2-10 and Figure 2-11 also show the results of SC packing structure of 2 mm beryllium
and 0.8 mm aluminum particle beds. The numerical results, which are based on SC packing,
present the lower limit of the bed effective thermal conductivity of beryllium and aluminum
particles and show the same trend as the experimental data. The numerical results show that the
derived macro-contact thermal resistance used in the numerical model is able to predict the
experimental data reasonably well. Parameters used in the numerical model are shown in Table
2-5 .
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Because aluminum has a higher thermal conductivity than that of beryllium, the aluminum
bed has a higher effective thermal conductivity. Aluminum also has a lower Young' s modulus,
about half of that of beryllium. As a result, aluminum bed has a much larger increase in effective
thermal conductivity within the load range. The theoretical model is able to fit both cases well .
The computational model predicts general trend with lower predicted values than the data. Such
an under estimation is expected because the SC particle packing is a low limit case, and the
experimental packing density was not given in the paper.
For low and high applied compressive pressure regimes, the theoretical model is able to
correctly predict the bed effective thermal conductivity of mono-dispersed, smooth particles with
variations in particle material and size and gas environment. For poly-dispersed particles, further
studies are required because the particle-particle contacts and resulting heat transfer process are
much more complex.

2.5. Conclusion

This study shows the effect of compressive loads and Young' s modulus of particles on
effective thermal conductivity of mono-dispersed particles. The experimental data indicate, at
both low and high compressive pressure regimes, the increase of effective thermal conductivity
due to compressive pressures is larger for particles with a lower Young' s modulus. The air was
found to contribute about half of the effective thermal conductivity at low compressive loads for
the particle beds in this study. A generic resistance network heat transfer model with macrocontact thermal resistance developed in this study is able to predict bed effective thermal
conductivity in both low and high compressive pressure regimes for mono -dispersed, smooth
particles. The model predicts effective thermal conductivity of particle beds with varying gas
pressure and species. The two-dimensional axisymmetric finite element model, based on the SC
packing arrangement of particle beds, also matches the experimental results. The experimental
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data and numerical results validated the macro-contact thermal resistance used in the theoretical
model. In vacuum, the numerical model can be used directly to predict effective thermal
conductivity of particle beds if the packing fraction is known.
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Table 2-1 Thermo physical and mechanical properties of measured materials

Thermal conductivity,

Young's modulus, E

Poisson' s ratio,

k (W·m- 1·K" 1)

(GPa)

V

Alumina (99.5%)

18

375

0.220

Stainless steel

24

200

0.300

Material

Table 2-2 Accommodation factors in the theoretical model for low compressive pressure regime

Gas

Correlation

Particles

a

p

Stainless steel

0.978

0.383

Coefficient
0.920

Alumina

0.985

0.473

0.964

Stainless steel

0.966

0.413

0.917

Alumina

0.851

0.473

0.862

Vacuum

Air

Table 2-3 Accommodation factors in the theoretical model for 0-0.5 MPa compressive pressure

Gas

Particles

a

p

Correlation

Stainless steel

0.900

0.723

Coefficient
0.973

Alumina

0.800

1.040

0.972

Air
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Table 2-4 Accommodation factors in the theoretical model for high compressive pressure regime

Correlation

Gas

{3

0:

Particles

Coefficient
Beryllium

0.700

0.443

0.966

Aluminum

1.325

0.520

0.977

Helium

Table 2-5 Parameters used in the numerical model

Thermal conductivity, ks

Young ' s modulus, E

Poisson' s ratio,

(W·m·1.K"1)

(GPa)

II

Beryllium

150

136

0.070

Aluminum

237

70

0.350

Helium

0.150

I

Material

Vacuum
Chamber

Computer

Hot Disk
TPS500

Figure 2-1 .Schematic of experimental apparatus

Vacuum
Pump

35
Alumina

Stainless steel

700

900
800

600

700

-

500
,-._ 600

E

E

::I.

'-"
~
(j

::I.

'-"

400

~
(j

=

=

~

~

~

500

~

I.

I.

E 400 -

E 300

=

=

(j

(j

I.

I.

u

0 300
200
200
100

100
100

102

Radius (µm)

104

0
125

130

135

Radius (µm)

Figure 2-2.Surface roughness and mean absolute slope of alumina spheroids (a5 =0.935 µm ,
m=0.182), and spherical stainless steel particles (a5 =1.710 µm , m=0.159)
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Figure 2-3 .Schematic diagram of the theoretical model
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Figure 2-7.Effect of external load on the effective thermal conductivity of (a) 0.2 mm stainless
steel, and (b) 0.2 mm alumina particle beds in vacuum
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CHAPTER3
ANISOTROPIC EFFECTIVE THERMAL CONDUCTIVITY OF PARTICLE BEDS
UNDER UNIAXIAL COMPRESSION
This chapter is a paper submitted as a journal article in the Journal of Heat Transfer, pending
review. All permissions to using this paper as a part of this thesis are contained in the Appendix.

3.1. Abstract

Effective thermal conductivity (ETC) of particle beds has been shown to be anisotropic under
uniaxial compression. The objective of this study is to validate the assumption that vertical and
horizontal effective thermal conductivities of particle beds under uniaxial compression are related
by compressive pressures in each direction. The horizontal compressive pressure, which is
perpendicular to the applied compressive pressure, can be calculated with the use of at rest
pressure coefficient and subsequently used in macro-contact thermal resistance to predict the
horizontal ETC. The vertical ETC is obtained using the same model by substituting vertical
compressive pressure into macro-contact thermal contact resistance. The modified model
prediction is shown to match well with experimental data of both vertical and horizontal ETCs of
particle beds under uniaxial compression in air and vacuum.

3.2. Introduction

Planetary heat flow values are of particular interest to planetary scientists. These values can
be used to understand a planetary body's current state and history. The vertical effective thermal
conductivity (ETC) of a planet' s surface must be known for heat flow calculations [ l] . In situ
measurements of effective thermal conductivity of planetary bodies generally use a long needle-
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like probe or cable inserted into the planetary surface such as those used for Apollo 15 and 17
[2,3], the MUPUS probe for the Rosetta' s PHILAE lander [4] and other proposed probes [5].
These needle probes utilize the transient hot wire method [6] and measure the horizontal ETC of a
planet' s surface. The desired vertical ETC is assumed to be the same as the horizontal ETC at the
measurement location. Such an assumption is not always justified due to the anisotropic nature of
the compressive stress within the regolith bed. A predictive tool is needed to assess the ETC
anisotropy for more accurate heat transfer calculations.
ETC of particle beds has practical importance in many science and engineering applications.
ETC of particle beds in the presence of a static gas depends on the following factors [7] : particle
and gas thermal conductivity, gas pressure, packing fraction, particle size, surface roughness,
contact force and area between particles, and bed deformation. Mathematical and numerical
modeling of the heat transfer process in particle beds immersed in a static gas has been performed
[8] with varying gas pressures [9] , bed temperature [10,11], surface roughness [12], packing
fraction [13-16], and applied compressive force or pressure [17-19]. Some analytical models have
been developed specifically for calculating effective thermal conductivity of particle beds as a
function of compressive pressures, but all require complex fitting parameters [ 1, 11,20]. Moreover,
at lower applied compressive loads, the models tend to overestimate effective thermal
conductivity. Therefore, there is considerable motivation to refine the current models and validate
them with experiments to improve understanding of heat transfer in particle beds.
Increases in ETC of particle beds with increasing applied compressive pressure have been
shown in a number of studies [21-23]. However, the horizontal stress within a dry, noncohesive
soil under gravity is less than but related to the stress in the normal (vertical) direction through
Jaky ' s at rest earth pressure coefficient [24]. Due to the difference of compressive pressure in the
horizontal and vertical directions, the ETC of a granular bed is highly unlikely to be isotropic.
Garrett and Ban [ 1] have shown that ETC is an anisotropic property for particle beds under
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uniaxial compression. The at rest pressure coefficient was not measured but calculated from the
thermal perspective by fitting a theoretical model to the measured vertical and horizontal bed
ETCs. In Chapter 2, a resistance network heat transfer model using only macro-contact thermal
resistance was validated in predicting vertical ETC of particle beds under compressive pressures.
The model provides the basis for the development of an anisotropic ETC model for particle beds
under uniaxial compression.
The objective of this study was to modify the model to predict both vertical and horizontal
ETCs of particle beds under a wide range of compressive pressures with varying gas pressures.
The vertical ETC is calculated by dividing the compressive pressures used in macro-contact
thermal resistance by the corresponding at rest pressure coefficient. Experiments were performed
using different types of particles in air and vacuum and ETC and compressive stress in both
vertical and horizontal directions were measured. The model prediction was compared with
experimental results. The results of this study provide a methodology to assess the ETC
anisotropy of particle beds under uniaxial compression, whether by their weight under gravity or
by externally applied loads.

3.3. Methodology

3.3.1.

Experimental method

Vertical and horizontal ETCs of particle beds in vacuum and air under compressive pressure
ranges of 0-20 kPa in 2 kPa increments and of 0-500 kPa in 50 kPa increments were measured.
Ten ETC measurements in horizontal and vertical directions were taken at each increment.
Measurements of gas pressure and compressive pressure range examined the validity of the
model predictions.
A schematic of experimental apparatus is shown in Figure 3-1 (a) and a close-up view of
experimental section is shown in Figure 3-1 (b). The Hot Disk TPS 500 system was used to
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measure ETC of particle beds. The system applies plane heating and measures the temperature
response to determine the ETC of particle beds. The systematic uncertainty (95% confidence)
given by the manufacturer is 5% of the measured thermal conductivity of materials. Two Hot
Disk sensors are inserted parallel and perpendicular to the particle bed surface (shown in Figure
3-1 (b)). A mechanical pump is used to maintain a vacuum in the vacuum chamber.
Two load cells, placed at the bottom and side of the container (shown in Figure 3-1 (b)),
measured vertical and horizontal compressive pressures of particle beds during loading. The load
cells were calibrated by OMEGADYNE INC. and tested by applying three known weights 1.54
kg, 9.1 kg, and 12. l kg on top of each load cells before compressive pressure measurements. The
coefficient converting voltage output to force provided by the vender is in good agreement with
that obtained during test. 22-bit Agilent 34970A data acquisition system at 10 volts range was
used to read voltage outputs. Ten consecutive readings with an interval of 30 milliseconds of
vertical and horizontal compressive pressures of particle beds under an applied compressive
pressure range of 0-500 kPa were taken. At rest pressure coefficient, K0, for each material is
calculated by a least square fit to the pressure data.
Three types of particles were used in ETC and at rest pressure coefficient measurements: 0.2
mm alumina (2AL), 0.2 mm stainless steel (SL), and 0.5 mm alumina (SAL) . The alumina
(99.5%) beads were manufactured by Union Process Inc. and the stainless steel beads by Next
Advance Inc. The measured packing fractions of these materials were 0.5625-0.6016 for SL
particles, 0.5659-0.5873 for 2AL particles, and 0.5732-0.5949 for SAL particles considering a
range of densities for these materials. Although the thermal conductivities of these two materials
are similar, Young' s modulus of stainless steel is much smaller than that of alumina. The thermophysical and mechanical properties of these materials are listed in Table 3-1.
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3.3.2.

Theoretical model

The theoretical model was developed for a unit cell containing two spherical particles
compressed by a uniformly distributed force with a 2R by 2R square cross section area, as shown
in Figure 3-2. Based on the condition that the solid thermal conductivity is much higher than the
gas thermal conductivity, the model assumes heat transfer from one sphere to another can be
simplified into three modes: conduction through contact area between particles, conduction
through the gas, and heat radiation through the voids [20]. According to Chapter 2, the horizontal
effective thermal conductivity of the unit cell is:

k

where

J

"

0
1 - ) ·sin
1 +/J •- = ( a · ( -1 + -0-

Rgas

R,ad

Rmacro ( h)

(1)

2R ,
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Rgas = [kgas · 1r · R · (- sin 0 1 + sin 00 - In . sin .
sm00 -sm01

J]_,,

(2)

(3)

(4)

In Eq. (1), a represents the degree of accuracy of theoretical model in calculating heat conducted
through air and by radiation. The closer a is to one, the better the model captures the physical
process of conduction and radiation through air. (3 is an accommodation factor which is used to
make up for the omitted micro-contact thermal resistance. The details of the theoretical model are
discussed in Chapter 2.

It is proposed that vertical ETC is related to horizontal ETC by compressive pressures in each
direction. The pressure used in macro-contact thermal resistance can be divided by the
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corresponding at rest pressure coefficient (from a thermal perspective), n, to determine horizontal
ETC. Thus, Eq. (4) becomes

(5)

Vertical ETC of particle beds under compressive pressure can be predicted using the following
equation:

k
v

0
1 - J·sin
= a · ( -1+ 1-J+/3 ·- -0-

(

Rgas

Rrad

Rmacro(v)

2R ,

(6)

3.4. Results and discussion

The results are divided into three categories. First, measured vertical and horizontal
compressive pressures of different particle beds during loading are presented and at rest pressure
coefficients, K0, for SL, 2AL, and 5AL particles are computed. Second, the validity of the
theoretical model in predicting anisotropic ETC of particle beds in vacuum under low
compressive pressure is examined. Lastly, the validity of theoretical model in predicting
anisotropic ETC of particle beds in air under high compressive pressure is examined.

3.4.1.

At rest pressure coefficient

Figure 3-3 show the measured vertical and the horizontal compressive pressure for SL, 2AL
and 5AL particle beds during loading. Systematic uncertainty at 95% is negligible in influencing
at rest pressure coefficient and not included in the plots. The relationship between horizontal and
vertical compressive pressures is linear. At rest pressure coefficients are obtained by using a
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linear least squares fit to the pressure data. The correlation coefficients for Figure 3-3 (a), (b), and
(c) are 0.985, 0.991, and 0.984, respectively. At rest pressure coefficients,

Ko,

for SL, 2AL and

5Al particles are found to be 0.500, 0.480, and 0.390. Material properties including packing
fraction, Young' s modulus, and true angle of friction have significant influence on the at rest
pressure coefficient. Andrawes et al. (25] concluded that

Ko increases

with increasing Young's

modulus, decreasing packing fractions and true angle of friction between particles. The total
horizontal deformation consists of sliding and elastic deformation. Sliding deformation expands
the particle diameter and is inversely proportional to the K 0. Elastic deformation contracts the
particle diameters and is weakly influenced by K 0 • An increase in packing fraction makes it more
difficult for particles to slide, resulting in a lower value of K 0. Increases in Young' s modulus
decreases elastic deformation of particles which also decrease sliding deformation yielding an
increased value of K0 • For different particles, increases in true angle of friction between particles
increases the resistance to slide which decreases

Ko.

The packing fractions of the measured materials were 0.5625-0.6016 for SL, 0.5659-0.5873
for 2AL, and 0.5732-0.5949 for SAL. The range of values for packing fraction come from
different densities considered for each material. The packing fractions for these particles are
similar and will not cause differences in K 0• Young' s modulus of 2AL is higher than that of SL,
but the at rest pressure coefficient for 2AL is slightly lower than that of SL. It is likely that the
true angle of friction of 2AL particles is larger than SL particles. At rest pressure coefficient for
SAL particles is lower than that of 2AL and SL particles. It is likely that the true angle of friction
of SAL is larger than 2AL and SL particles.

3.4.2.

Applied compressive pressure range 0-20 kPa

The measured vertical and horizontal ETCs of SL, 2AL, and SAL particle beds in vacuum are
shown in Figure 3-4. The error bars represent the random uncertainty of each data point with 95 %
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confidence. The air pressure inside the vacuum chamber is 800-900 kPa based on the
performance of the vacuum pump. Scott [26) found that the packing fraction of mono-dispersed
particles being simply poured into a container is likely to be about 0.60, and if the container is
shaken to allow some readjustment of spheres, the packing fraction may rise to about 0.64.
Uncertainty of random packing fractions is estimated to be S to 10 percent. The uncertainty of
thermal conductivity measurements due to change of packing fractions in experiments is found to
be close to 7 %.
The plots demonstrate that ETC of particle beds is a compressive pressure-dependant
anisotropic property and the vertical bed ETC increases faster than the horizontal bed ETC. In
vacuum, major part of heat is conducted and influenced by the physical contact area between
particles at the room temperature. For SL and 2AL particle beds, the thermal conductivity of
alumina is slightly lower than that of stainless steel. Hence, the initial ETC data point of 2Al
particle beds is lower than that of SL particle bed. As the compressive pressure increases, the net
increase of vertical ETC of 2AL particle bed is less than that of SL particle bed, indicating the
significant influence of particle Young' s modulus on bed ETC. The contact area of particles with
small Young's modulus is expected to be larger than particles with large Young' s modulus under
the same compressive pressure. Because the Young' s modulus of stainless steel particles is about
half of that of alumina, the increase of effective thermal conductivity of stainless steel is larger
than that of alumina for measurements conducted in vacuum.
Figure 3-4 (c) demonstrates that the initial ETC of SAL particle beds is higher than that of SL
and 2AL particle beds. It is likely due to the fact that as particle size increases, fewer particles are
required for the same packing fraction which means less thermal contact resistance between
particles. Hence, more heat can be transferred in particle beds with larger size particles compared
to other particle beds of similar packing fractions . Because packing fractions for SAL, 2AL, SI
are close, the initial ETC of SAL should be larger than that of SL and 2AL.
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Horizontal ETC of particle beds also increase with increasing compressive pressure, however,
at a slower rate compared to vertical bed ETC. Figure 3-4 (a) and (b) show the same trend of net
increase of horizontal ETC for SL is larger than that of 2AL particle beds under 0-20 kPa
compressive pressures. Even though the at rest pressure coefficient for SAL is lower than that of
SL, the net increase of horizontal ETC for SAL particle bed is close to that of SL particle bed
likely due to the decrease in total thermal contact resistance.
The theoretical model (Eq. (!)) was used to fit measured horizontal effective thermal
conductivities of SL, 2AL, and SAi particle beds in vacuum under 0-20 kPa compressive
pressures. The average bed temperature is assumed to be 301 K. Values of accommodation
factors a and

~

are reported in Table 3-2.

Parameter a is close to one and consistent for measurements conducted in vacuum for
different materials. Parameter

~

is less than one which indicates that the theoretical model

overestimates heat conducted through contact area due to omission of micro-contact thennal
resistance. It is noted that parameter

~

is on the same order of magnitude for different materials in

vacuum under the same compressive pressure regime.
Eq. (6) was used to fit the measured vertical ETCs of SL, 2AL, and SAL particle beds in
vacuum with parameter a and

~

obtained from the first step. At rest pressure coefficient, n, from

a thermal perspective, is derived. Values of
Values of parameter

n

n

for SL, 2AL, and SAL are listed in Table 3-2.

are found to be close to measured at rest pressure coefficients, K 0 . The

discrepancy between is likely due to the under estimation of contact resistance between particles.
Results shown in Figure 3-4 demonstrate that the theoretical model predicts the compression
effect pretty well.
Since

n

is close to the corresponding Ko, the theoretical model (Eq. (6)) can be used to

predict vertical ETC of particle beds under low compressive pressure given an at rest pressure
coefficient for a material.
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3.4.3.

Applied compressive pressure range 0-500 kPa

To examine the validity of the theoretical model in predicting vertical ETC of particle beds
under high compressive pressures, measurements of vertical and horizontal ETCs of particle beds
in air under an applied compressive pressure range of 0-500 kPa were performed. Figure 3-5
shows the measured vertical and horizontal ETCs of SL, 2AL, 5Al particle beds in air with
respect to horizontal compressive pressures ( P,,

= K 0 · P,,)

with error bars representing random

uncertainty of measured thermal conductivity at 95% confidence. The experimental data also
demonstrate anisotropic ETC of particle beds under compressive pressures. Increase in vertical or
horizontal ETC of the SL particle bed is also larger than that of the 2AL particle bed under this
compressive pressure range reflecting the effect of particle Young's modulus on bed ETC. For SL,
2AL, and SAL particle beds, changing gas pressures of particle beds from vacuum to air resulted
in doubling the values of bed ETC at the initial point with SL gaining slightly more in its bed
ETC.
Using the same procedures as section 3.2, values of parameter a, ~' and
reported in Table 3-3. Parameter a is close to one and
different materials. Values of

n

~

n are obtained and

is on the same order of magnitude for

are close to the corresponding measured at rest pressure

coefficient, K0, and consistent for measurements in low and high applied compressive pressures
with varying gas pressures. The model holds the potential of predicting both vertical and
horizontal ETCs of particle beds without any adjustable parameters.
Figure 3-5 shows that the theoretical model predicts vertical ETC of particle beds reasonably
well especially at a higher compressive pressure. The model tends to overestimate vertical bed
ETC at a lower compressive pressure. This is because the model only accounts for the macrocontact thermal resistance which may underestimate the total thermal contact resistance in low
compressive pressure regime even though the micro-contact thermal resistance is negligible.
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For low and high applied compressive pressure regimes, the theoretical model accurately
predicts the vertical ETC of particle beds with mono-dispersed, smooth particles with variations
in particle material and size and gas environment. The measured horizontal bed ETC confirmed
the prediction based on the at rest pressure coefficient. For poly-dispersed particles, however,
further studies are needed because the particle-particle contacts and resulting heat transfer
processes are much more complex.

3.5. Conclusion

This study has shown that the effective thermal conductivity of particle beds is a compressive
pressure-dependant anisotropic property.

The modified resistance heat transfer model uses

macro-contact thennal resistance with horizontal compressive pressure calculated with vertical
compressive pressure multiplied by the corresponding at rest pressure coefficient. The model
predicts the vertical and horizontal bed effective thermal conductivity in both low and high
compressive pressure regimes reasonably well for mono-dispersed, smooth particles. The
experimental data validates the theoretical prediction and the assumption that vertical and
horizontal effective thermal conductivities of particle beds under uniaxial compression are related
by compressive pressures in each direction. The modified theoretical model holds the potential of
predicting both horizontal and vertical effective thermal conductivities of particle beds under
uniaxial compression without any adjustable parameters.
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Table 3-1 Thermo physical and mechanical properties of measured materials

Thermal conductivity,

Young' s modulus, E

Poisson ' s ratio,

k(w-m· 1·K 1)

(GPa)

I/

2AL

18

375

0.220

SAL

18

375

0.220

SL

24

200

0.300

Material

Table 3-2 Accommodation factors and derived pressure coefficients in the theoretical model (020 kPa)

Correlation
Particles

ETC

a

Coefficient

0.2 mm

Horizontal

0.978

0.368

0.924
0.450

Stainless steel

0.2 mm

Vertical

Horizontal

0.922

0.982

0.459

0.921
0.430

Alumina

0.5 mm

0.480

Vertical

Horizontal

0.965

1.008

0.493

0.867
0.350

Alumina

0.500

Vertical

0.390
0.930
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Table 3-3 Accommodation factors and derived pressure coefficients in the theoretical model (0500 kPa)

Particles

ETC

Ko

a

Correlation
Coefficient

Horizontal

0.900

0.924

0.694

0.2mm
0.450

0.500

Stainless steel
0.973

Vertical

Horizontal

0.708

1.114

0.950

0.2 mm
0.430

0.480

Alumina
0.978

Vertical

Horizontal

0.736

0.971

1.330

0.5 mm
0.400

0.390

Alumina
Vertical

0.971
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Computer

Hot Disk

Vacuum
Chamber

TPS 500

Vacuum
Pump

Agilent

34970A

(a)
Load Plate

Horizontal Load Cell

Effective Vertical Thermal
Conductivity Sensor

------•
.
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.

------·

Effective Horizontal Thermal
Conductivity Sensor

Vertical Load Cell

(b)

Figure 3-1.(a) Schematic of experimental apparatus, (b) Close-up view of experimental section
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Figure 3-2.Schematic diagram of the theoretical model
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Figure 3-3 .Evolution of horizontal compressive pressure and estimated Ko values during loading
for (a) 0.2 mm stainless steel, (b) 0.2 mm alumina, and (c) 0.5 mm alumina
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Experimental data-0.2 mm Stainless steel

Q' 0.2
El

~
c
]

D

Vertical
Horizontal
- - - Model- vertical

0

0.18

- · Model-horizontal

~ 0.16

"O

=
0

u

-; 0.14
E

.

.,

-=E-

., 0.12

...
...~"
-::

la;l

0.1
0.08 '-----'------'--~~--'-----'----'---'---~---'---'-----'
11
10
7
9
6
8
4
5
2
3
0
Horizontal Compressive Pressure (kPa)

(a)
Experimental data-0.2 mm Alumina

Q' 0.2
E

[

c

0.18

D

Vertical
Horizontal
- - - Model-vertical
~ Model-horizontal

0

1

~ 0.16

"O

=
0
u
-; 0.14

..,

E

-=E-

., 0.12

:E
:::"
la;l

0.1
0. 08 ' - ----'---- - - - - L - - - ' - - - - - - L - - ' - - - - - _ . L . . - - - - ' - - - ' - - - - ' - - - - ' - - - --l.
11
10
9
7
8
5
6
4
3
2
0
Horizontal Compressive Pressure (kPa)

(b)

61
0.22

Experimental data-0.5 mm Alumina
,-._

0.21

D

Vertical
Horizontal
- - - Model-vertical
· Model-horizontal

::i::

0

E

0.2

.£

0.19

=

0.18

---~
._,

fu

"O

=

0

u

-;

s

0.17

t.
~

.c 0.16
f,-

~

·Eu

...

~

0.15

i;a;J

0.14
0.13
0

3
2
4
5
6
7
Horizontal Compressive Pressure (kPa)

8

9

(c)
Figure 3-4.Effect of external load on the vertical and horizontal ETC of (a) 0.2 mm stainless steel,
(b) 0.2 mm alumina, and (c) 0.5 mm alumina particle beds in vacuum
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Experimental data-0.2 mm Stainless steel
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Experimental data-0.5 mm Alumina
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Figure 3-5.Effect of external load on the vertical and horizontal ETC of (a) 0.2 mm stainless steel,
(b) 0.2 mm alumina, and (c) 0.5 mm alumina particle beds in air
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CHAPTER4
SUMMARY AND CONCLUSIONS

This study shows the effect of compressive loads, Young' s modulus of particles, and gas
pressures on effective thermal conductivity of particle beds with mono-dispersed particles. The
experimental data indicate, at both low and high compressive pressure regimes, the increase of
effective thermal conductivity due to compressive pressures is larger for particles with a lower
Young' s modulus. The air was found to contribute about half of the effective thermal
conductivity at low compressive loads for the particle beds in this study.
A resistance network heat transfer model is developed using macro-contact thermal
resistance with horizontal compressive pressure calculated with vertical compressive pressure
multiplied by the corresponding at rest pressure coefficient. The model predicts the vertical and
horizontal bed effective thermal conductivity in both low and high compressive pressure regimes
reasonably well for mono-dispersed, smooth particles.

The experimental data validates the

theoretical prediction and the assumption that vertical and horizontal effective thermal
conductivities of particle beds under uniaxial compression are related by compressive pressures in
each direction. The theoretical model holds the potential of predicting both horizontal and vertical
effective thermal conductivities of particle beds under uniaxial compression without any
adjustable parameters.
The two-dimensional axisymmetric finite element model, based on the SC packing
arrangement of particle beds, also matches the experimental results . The experimental data and
numerical results validated the macro -contact thermal resistance used in the theoretical model. In
vacuum, the numerical model can be used directly to predict effective thermal conductivity of
particle beds if the packing fraction is known.
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